Abstract. Let f : X → S be an extremal contraction from a threefold with only terminal singularities to a surface. We study local analytic structure such contractions near degenerate fiber C in the case when C is irreducible and X has on C only one non-Gorenstein point.
Introduction
Let V be a non-singular algebraic projective threefold over C of Kodaira dimension κ(V ) = −∞. It follows from the Minimal Model Program that V is birationally equivalent to an algebraic projective threefold X with only terminal Q-factorial singularities and with a fiber space structure f : X → S over a lower dimensional variety S such that −K X is f -ample and relative Picard number of X/S is one. Thus, at least in principle, one can reduce the problem of studying birational structure of V to studying structure of S and the fiber space X/S. In the present paper we investigate the local structure of X/S near singular fibers in the case dim(S) = 2. In this situation it is easy to see that a general fiber is a conic in P 2 . We will work in the analytic situation.
Definition 0.1. Let (X, C) be a germ of a three-dimensional complex space along a compact reduced curve C and let (S, 0) be a germ of a twodimensional normal complex space. Suppose that X has at worst terminal singularities. Then we say that a proper morphism f : (X, C) → (S, 0) is a Mori conic bundle if (i) (f −1 (0)) red = C;
The following conjecture is interesting for applications of Sarkisov program to the rationality problem for conic bundles [6] , [5] or studying of Q-Fano threefolds with extremal contractions onto a surface [17] .
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Preliminary results
The following is a consequence of the Kawamata-Viehweg vanishing theorem (see [15, §4] , [8, 1-2-5] ). 
1.2.
Terminal singularities. Let (X, P ) be a terminal singularity of index m ≥ 1 and let π : (X ♯ , P ♯ ) → (X, P ) be the canonical cover. Then (X ♯ , P ♯ ) is a terminal singularity of index 1 and (X, P ) ≃ (X ♯ , P ♯ )/Z m . It is known (see [20] ) that (X ♯ , P ♯ ) is a hypersurface singularity, i. e. there exist an Z mequivariant embedding (X ♯ , P ♯ ) ⊂ (C 4 , 0). Fix a character χ that generates Hom(Z m , C * ). For Z m -semi-invariant z define weight wt(z) as an integer defined mod m such that wt(z) ≡ a mod m iff ζ(z) = χ(ζ) a · z for all ζ ∈ Z m . Theorem 1.2.1. (see [13] , [21] ) In notations of 1.2 (X ♯ , P ♯ ) is analytically Z m -isomorphic to a hypersurface φ = 0 in (C 4 x 1 ,x 2 ,x 3 ,x 4 , 0) such that x 1 , x 2 , x 3 , x 4 are semi-invariants and we have one of the following two series:
(i) (the main series) wt(x 1 , x 2 , x 3 , x 4 ; φ) ≡ (a, −a, b, 0; 0) mod m, or (ii) (the exceptional case) m = 4 and wt(x 1 , x 2 , x 3 , x 4 ; φ) ≡ (a, −a, b, 2; 2) mod 4, where a, b are integers prime to m.
Note that in case (i) the variety X ♯ can be non-singular. In this situation (X, P ) ≃ (C 3 , 0)/Z m (a, −a, b). Such singularities are called terminal cyclic quotient singularities and denoted also by 1 m (a, −a, b). Theorem 1.2.2. (see [21] ) Let (X, P ) be a germ of terminal singularity. Then a general member F ∈ | − K X | has only DuVal singularity (at P ).
1.2.3.
Terminal singularities can be classified in terms of a general member F ∈ | − K X | and its preimage F ♯ : = π −1 (F ) under the canonical cover π :
Cyclic quotient singularities are included in type cA/m. [20] , [7] ) Let (X, P ) be a germ of 3-dimensional singularity. Then Cl sc (X, P ) ≃ Z m and it is generated by the class of K X . Moreover the local fundamental group of (X, P ) is cyclic: π 1 (X − {P }) ≃ Z m . Definition 1.2.6. Let (S, 0) be a two-dimensional log-terminal singularity. It is well known (see [7] ) that (S, 0) is a quotient singularity, i. e. (S, 0) ≃ (C 2 , 0)/G, where G ⊂ GL(2, C) is a finite subgroup without quasireflections. The natural cover (C 2 , 0) → (S, 0) we call the topological cover and the order of G we call the topological index of (S, 0).
The following is an easy consequence of 1.2. Lemma 1.2.7. Let (X, P ) be a germ of a terminal threefold singularity of index m > 1 and (F, P ) ⊂ (X, P ) be a germ of irreducible surface. Assume that F is Q-Cartier and (F, P ) is DuVal with topological index n.
(i) Then n is divisible by m.
(ii) Moreover if n = m, then (X, P ) is a cyclic quotient singularity and (F, P ) is of type A m−1 .
Proof. Let F ♯ := π −1 (F ). The divisor F ♯ is Cartier on X ♯ , because point (X ♯ , P ♯ ) is terminal of index 1 (see [7, Lemma 5.1] ). On the other hand F ♯ is non-singular outside P ♯ . Therefore F ♯ is irreducible and normal. The cover F ♯ → F isétale outside P . Hence the topological cover of (F, P ) can be facorized through F ♯ → F . This proves (i). In conditions (ii) F ♯ is non-singular and so is X ♯ . Proposition 1.3. (see [14] ) Let (X, P ) be a germ of terminal singularity of index m, (C, P ) ⊂ (X, P ) be a germ of smooth curve and π : (X ♯ , P ♯ ) → (X, P ) be the canonical cover and
(see [14] ) Let things be as in 1.3. X ⊃ C is called (locally)
is not an isomorphism and the order of Ker(cl(C, P )) is equal d. The order of Coker(cl(C, P )) is called the subindex of P and usually denoted bym. (Note thatmd = m). If cl(C, P ) : Cl sc (X, P ) → 1 m Z/Z is an isomorphism, then P is said to be (locally) primitive. In this case we put d = 1,m = m.
In the situation above the preimage C ♯ := π −1 (C) under the canonical cover π : X ♯ → X has exactly d irreducible components.
1.5. Construction, [14] . Let f : (X, C ≃ P 1 ) → (S, 0) be a Mori conic bundle with irreducible central fiber and let P ∈ X be a point of index m > 1. Assume that (X, C) is imprimitive of splitting degree d at P . Take an effective Cartier divisor H such that H ∩ C is a smooth point of X and (H · C) = 1 and take an effective Weil Q-Cartier divisor D such that D ∩ C = {P } and D is a generator of Cl sc (X, P ) (see 1.3) . Then the divisor
red is a union of d P 1 's meeting only at P ′ , and each irreducible component of C ′ is primitive at P ′ .
2. Local invariants w P and i P
In this section we following Mori [14] introduce numerical invariants w P and i P . There is nothing new in this section. The material is contained only for convenience of the reader.
2.1. Let X be a normal three-dimensional complex space with only terminal singularities and let C ⊂ X be a reduced non-singular curve. Denote by I C the ideal sheaf of C and ω X := O X (K X ). As in [14] , we consider the following sheaves on C:
Since C is non-singular, we have
2.2. Let m be the index of X. The natural map
induces an injection
Denote w P := (length P Coker β)/m.
2.3. We also have the natural map
Note that i P = 0 if X is smooth at P .
Example 2.4. Let (X, P ) be a cyclic quotient of type 1/m(1, −1,m +1) (m is even) and let π : (C 3 x 1 ,x 2 ,x 3 , 0) → (X, P ) be its canonical cover. Consider the curve
This curve has exactly two components C ♯ (1), C ♯ (2) = {x 3 = x 2 ± xm −1 1 = 0} permuted under the action of Z 2m . Thus the image C := π(C ♯ ) is a smooth irreducible curve, X is locally imprimitive along C with splitting degree 2. The curve C is naturally isomorphic to C ♯ (1)/Zm and a local uniformizing parameter on C is xm 1 . It is easy to see that
From definitions we have
It gives us our assertion.
Remark. In the case of flipping contraction we always have deg gr 0 C ω = −1 (see [14] ) but in our situation of Mori conic bundles there are examples (e. g. 4.1.2 (i)) with deg gr 0 C ω = −2. Nevertheless it is easy to see from 2.5 and 2.6 that −1 ≥ deg gr 0 C ω ≥ −3. J. Kollár observe also that from vanishing R 1 f * O X (K X + H) = 0 for any ample Cartier divisor H, we have deg gr 0
Corollary 2.7. Let f : (X, C ≃ P 1 ) → (S, 0) be a Mori conic bundle. Then (X, C) contains at most three singular points.
Proof. It follows from Corollary 2.6.1 and Lemma 2.3.1.
As in [14] we need the following construction to compute invariants w P and i P locally.
2.8. Let (X, P ) be a terminal point of index m and let C ⊂ (X, P ) be a smooth curve. Let π : (X ♯ , P ♯ ) → (X, P ) be the canonical cover and C ♯ := (π −1 (C)) red . We suppose that (X, P ) has splitting degree d along C and subindexm (i. e. C ♯ has exactly d components and m =md). By Proposition-Definition 2.8.1. By [14] , one can choose a coordinate system x 1 , x 2 , x 3 , x 4 in C 4 and a character χ : Z m → C * such that the following conditions hold.
(i) Coordinates x 1 , x 2 , x 3 , x 4 are semi-invariants with weights satisfying
(iv) Normalizedness property. For any i = 1, 2, 3, 4 there is no semiinvariants y such that wt(y) ≡ wt(x i ) mod m and ord(y) < ord(x i ). In particular ord(
In particular in the case of the main series one has ord(x 4 ) =m, wt(x 4 ) ≡ 0 mod m. Such a coordinate system is said to be normalized. Note that we still may permute x 1 , x 2 and may replace a character χ with χ ′ if χ ′ ≡ χ modm. 
is the Jacobian determinant. 
2.11.2. It is clear that the ideal J ♯ 0 is generated by invariants of the form ψ−x n 4 where ψ is an invariant monomial with ord(ψ) = ord(x n 4 ) = nm. Thus we can assume in 2.11.1 that
are independent,
An invariant monomial ψ in x 1 , x 2 , x 3 is said to be simple if it cannot be presented as a product of two non-constant invariant monomials. 
Moreover up to permutations ψ 1 , ψ 2 , ψ 3 we may assume that ψ i = x i ν i , where ν i , i = 1, 2, 3 also are monomials. In particular, all three terms in the formula are non-negative and
Easy lemmas
3.1. Construction. Let f : (X, C) → (S, 0) be a Mori conic bundle. Assume that (S, 0) is singular. Then (S, 0) is a log-terminal point (see e. g. [11] or [4] ) and the topological cover h :
−−−→ S The group G acts on X ♭ and clearly X = X ♭ /G. Since the action of G on S ♭ − {0} is free, so is the action of G on X ♭ − C ♭ , where
Therefore X ♭ has only terminal singularities and the induced action of G on X ♭ is free outside of a finite set of points (see e. g. [2, 6.7] ). Since 0) is a Mori conic bundle with nonsingular base surface.
As an easy consequence of the construction above and 1.2.5 we have Proposition 3.2. (see [16] , [17] , [10] ) Let f : (X, C) → (S, 0) be a Mori conic bundle. Then (S, 0) is a cyclic quotient singularity.
) be a Mori conic bundle and let T be the torsion part of the Weil divisor class group Cl(X). Then (i) T is a cyclic group,
(ii) the topological index of (S, 0) is equal to the order of T . In particular, (S, 0) is non-singular iff T = 0.
Proof. Consider the diagram from 3.1. We claim that Cl(X ♭ ) is torsion-free. Indeed in the opposite case there is a finiteétale in codimension 1 cover X ′ → X ♭ and then it must beétale outside finite number singular points on C ♭ . One can take the Stein factorization X ′ → S ′ → S ♭ . Then S ′ → S ♭ will beétale outside 0. This contradicts smoothness of S ♭ . Therefore Cl(X ♭ ) is torsion-free and X ♭ → X is the maximal abelian cover of X. It gives us T ≃ Z n , where n is the topological index of (S, 0). (i) (primitive case) C ♭ is irreducible, X has at least two non-Gorenstein points. (ii) (imprimitive case) C ♭ has d > 1 irreducible components, they all pass through one point P ♭ and they do not intersect elsewhere. If in this case m ♭ is the index of P ♭ and n is the topological index of (S, 0), then the index of the point g(P ) ∈ X is equal to nm ♭ .
Proof. If C ♭ is irreducible, then the action of G ≃ Z n on C ♭ ≃ P 1 has exactly two fixed points P ♭ 1 and P ♭ 2 . Their images g(P ♭ 1 ) and g(P ♭ 2 ) are points of indices > 1. Assume that C ♭ is reducible. Then G ≃ Z n acts on components {C ♭ i } of C ♭ transitively. Since ∪C ♭ i is a tree, ∩C ♭ i is a point and this point must be fixed under G-action. The rest is obvious. Proof. Consider the base change 3.
The contraction of each extremal face of N E((X, C)/(S, 0)) gives us an extremal neighborhood in the sence of [14] (not necessary flipping). As in the introduction we apply the Minimal Model Program to (X ♭ , C ♭ ) over (S ♭ , 0):
But for a general fiber ℓ := f ♭ −1 (s), over s ∈ S ♭ we have (ℓ · E i ) = 0, (ℓ · K X ♭ ) < 0, so a = 0, and
there exists σ ∈ Z d such that σ(E) = E ′ . From the symmetry we get that the orbit {E = E 1 , E 2 , . . . , E k } may be divided into couples of divisors . Proof. Again consider the base change 3.1. Terminal singularities are rational and therefore Cohen-Macaulay [9] . By [12, Theorem 23.1], f ♭ is flat. Let X ♭ s be a general fiber of f ♭ . Then X ♭ s ≡ nC ♭ for some n ∈ N. We have 
The rest is obvious.
Using Lemma 2.10 we obtain. The following construction explains why Conjecture ( * 2 ) can be useful for studying Mori conic bundles.
3.8. Construction (double cover trick [7] ). Let f : (X, C) → (S, 0) be a Mori conic bundle and let D ∈ | − 2K X | be a general member. Assume that K X +1/2D is log-terminal (i. e. ( * 2 ) holds). Then there exists a double cover h : Y → X with ramification divisor D such that Y has only canonical Gorenstein singularities (see [7, 8.5 
]). Thus we have two morphisms
By the Hurwitz formula, K Y = h * (K X + 1/2D) = 0. Therefore the composition map g : Y → S gives us an elliptic fiber space structure on Y .
The main result
The main result of this section is the following (i) (cf. [18] , [19] ) f : (X, C) → (S, 0) is a quotient of a conic bundle
P is the only singular point. In some coordinate system (x, y, z; u, v) in P 2 × C 2 the variety X ♭ can be defined by the equation
where ψ(u, v) has no multiple factors and consists only of monomials of even degree. Here X ♭ → C 2 is the natural projection and the action of Z 2 has the form
(ii) (X, P ) is of type cAx/4, more precisely (X, P ) ≃ ({y 
(S, 0) is a DuVal point of type
A 3 , (X, P ) is a cyclic quotient singularity of type C 3 /Z 8 (a, −a, 1), splitting degree of P is 4 and X has no other singular points. There are two subcases 
It is easy to check that Y is non-singular. The projection g : Y → C 2 gives us an elliptic fibration whose fibers are intersections of two quadrics in P 3 . The special fiber g −1 (0) is the union of four lines meeting at one point Q := {(x, y, z, t; u, v) = (0, 0, 0, 1; 0, 0)}. Consider also the following action of Z 8 on Y : x,y,z,t × C 2 u,v is given by the equations xy = ut 2 z 2 = u(x 2 + y 2 ) + vt 2 Consider the action of Z 4 on Y :
As above X := Y /Z 4 → C 2 /Z 2 is a Mori conic bundle such as in 4.1.2 (iii) with unique singular point of type
Define the action of Z 4 on Y by Proof. Assume that ord(x 3 ) <m. From Lemma 3.7 we have (−K X · C) = 1/m. Take a general member F ∈ | − K (X,P ) |. Proposition 2.10 yields (F · C) P = ord(x 3 )/m < 1. Then F + K X can be considered as a Cartier divisor on X and in our case −1 ) ≡ 0 modm and there exists an invariant monomial ψ such that ord(ψ) =m = 2. Since wt(x i ) ≡ 0 mod 4 for i = 1, 2, 3, 4, we have ψ = x i x j . Up to permutation {1, 2}, we may assume that wt(x 2 ) ≡ wt(x 3 ). Therefore ord(x 2 ) = ord(x 3 ). It gives us ψ = x 1 x 2 or x 1 x 3 , whence ord(x 1 ) = ord(x 2 ) = ord(x 3 ) = 1. If necessary we can replace the character χ with −χ to obtain wt(x 1 ) ≡ 1. Finally wt(x 4 ) ≡ wt(x 2 1 ) ≡ 2 mod m gives as ord(x 4 ) = 2.
Since ord(x 3 ) = 1, we have a good divisor in | − K X | in this case. By 2.8.1, components C ♯ (1), C ♯ (2) of curve C ♯ are images of t −→ (t, t, t, t 2 ), t −→ (it, −it, −it, −t 2 ).
Therefore C ♯ can be given by the equations x 4 − x 2 1 = x 2 − x 3 = x 2 2 − x 2 1 = 0. By changing coordinates as y 1 = x 1 , y 2 = x 2 , y 3 = x 3 − x 2 , y 4 = x 4 − x 2 1 we obtain case 4.1.2 (ii) of our theorem.
From now we assume that (X, P ) is from the main series. In particular wt(x 4 ) ≡ 0 mod m, ord(x 4 ) =m. 2 it is sufficient to prove that a 3 <m. Let a 3 >m. First suppose that ord(x m 1 ) = 2m. We claim that in this situation 4.9.2 holds. Indeed, then a 1 m = a 1m d = 2m, hence d = 2, a 1 = 1, m = 2m. Thus wt(x 1 ) ≡ wt(x 3 ) ≡ 1 modm. By the assumptions in 2.8.1 and because a 3 >m, wt(x 1 ) ≡ wt(x 3 ) mod m. Since (wt(x 1 ), m) = (wt(x 3 ), m) = 1,m is even. Changing a generator of Z m if necessary we may achieve that wt(x 1 ) ≡ 1 mod m. The rest follows from normalizedness. Taking into account Lemma 3.6, from now we may assume that ord(x m 1 ) > 3m, and by symmetry, ord(x m 2 ) > 3m. We will derive a contradiction with a 3 >m.
4.11. By Corollaries 2.6.1 and 2.11.4, there exist different simple invariant monomials ψ 1 , ψ 2 , ψ 3 such that
Remind that the last inequality can be rewritten as
where ν i x i = ψ i , i = 1, 2, 3. In particular ord(ν 1 ) + ord(ν 2 ) ≤ 3m. Since wt(ν 1 ) ≡ wt(x 2 ) mod m, wt(ν 2 ) ≡ wt(x 1 ) mod m, by 2.8.1, we have a 1 + a 2 ≤ 3m. Consider the following cases.
4.12.
Case a 1 + a 2 = 3m. Then we have ord(ν 1 )+ ord(ν 2 ) = 3m. Therefore i P = 3, w P < 1 (by the inequality in 2.6.1) and ord(ν 3 ) =mw P <m by 4.11. Since a 3 >m, the monomial ν 3 does not depend on x 3 . Up to permutation of x 1 , x 2 we may assume that ν 3 = x α 1 for some α ∈ N such that α wt(x 1 ) + wt(x 3 ) ≡ 0 mod m and αa 1 <m. Thus ψ 3 = x α 1 x 3 and a 1 <m, a 2 > 2m.
Further from normalizedness and from wt ν 1 ≡ wt x 2 mod m, we have ord(ν 1 ) = a 2 > 2m, so ord(ν 2
) = (2α − β) wt(x 1 ) ≡ 0 mod m, the contradiction with (m, wt(x 1 )) = 1. 4.13. Thus a 1 + a 2 ≤ 2m. Then there are no invariant monomials in x 1 , x 2 , x 3 of order < ord(x 1 x 2 ). Up to permutation of ψ 1 and ψ 2 we can take ψ 1 = x 1 x 2 . Since ψ 2 is simple, it depends only on x 2 , x 3 . 4.14. Case a 1 + a 2 = 2m. Simple invariant monomials of order ≤ 2m may be only of the form x 1 x 2 or x α i x 3 , i = 1, 2 (if α wt(x i )+wt(x 3 ) ≡ 0 mod m and αa i + a 3 = 2m). On the other hand by the inequality in 4.11, ord(ψ 2 ) ≤ 3m + a 1 + a 2 − ord(ψ 1 ) = 3m.
There are two subcases. 4.14.1. Subcase ord(ψ 2 ) = 2m. Then ψ 2 = x α 2 x 3 , because ψ 2 depends on x 2 . Therefore a 3 < 2m, a 2 α <m and a 1 >m. Further, if we take in 2.9 ψ = x α 2 , we obtainmw P = ord(x α 2 ) = a 2 α <m. It follows from inequality 4.11 that ord(ψ 3 ) ≤mw P + a 3 +m ≤ 3m, hence ord(ψ 3 ) = 3m. Using ∂ψ 3 /∂x 3 = 0 we get
, then wt(x 3 ) ≡ wt(x 2 ) mod m, and by normalizedness a 3 = a 2 <m, a contradiction.
If
We derive a contradiction with assumptions in 4.10.
Thus
, where γ wt(x 2 ) + 2 wt(x 3 ) ≡ 0 mod m and γa 2 + 2a 3 = 3m. Consider the monomial ν = x α−γ 2 = x 2 ψ 2 /ψ 3 . We have ord(ν) = a 3 − m < a 3 . On the other hand wt(ν) ≡ wt(x 3 ) mod m. Hence wt(ν) ≡ wt(x 3 ) mod m and ord(ν) < ord(x 3 ), a contradiction with normalizedness. 4.14.2. Subcase ord(ψ 2 ) = 3m. By the inequality in 4.11, i P = 3, ord(ψ 3 ) = a 3 +mw P and by Corollary 2.6.1, w P < 1. Therefore ord(ψ 3 ) < a 3 +m. Thus one has ψ 2 ∈ {x
, then a 2 β + 2a 3 = 3m. Hence a 3 < 2m, a 2 <m, a 1 >m and ord(ψ 3 ) = 2m. So ord(ψ 3 ) = 2m and ψ 3 depends on x 2 , x 3 . Then we can permute ψ 2 , ψ 3 and get the subcase above.
Therefore ψ 2 = x β 2 x 3 . Then a 2 β + a 3 = 3m, a 3 < 3m. We claim that a 2 <m, a 1 >m. Indeed if otherwise, we have β = 1, wt(x 3 ) ≡ wt(x 1 ) and by normalizedness a 3 = a 1 <m, a contradiction. Further ord(ψ 3 ) ≤ 3m gives us
is invariant and has order ≤m, a contradiction with assumptions in 4.10. But if ψ 3 = x γ 2 x 2 3 , then we can permute ψ 2 , ψ 3 and derive a contradiction as above. Therefore ψ 3 depends on x 1 , x 3 , so ψ 3 = x 1 x 3 . Again from normalizedness we have a 3 = a 2 <m, a contradiction.
4.15.
Case a 1 +a 2 =m. Recall that ψ 1 = x 1 x 2 . As above by the inequality in 4.11 ord(ψ 2 ) ≤ 3m, and if the equality holds, then i P = 3, w P < 1 and ord(ψ 3 ) = a 3 +mw P < a 3 +m.
Since ψ 1 = x 1 x 2 and ψ 2 are different simple invariant monomials, we have that ψ 2 depends on x 3 . Then obviously ord(ψ 2 ) ≥ 2m. Consider subcases.
4.15.1. Subcase ord(ψ 2 ) = 2m. Then it is easy to see ψ 2 = x β 2 x 3 . It implies that a 2 β + a 3 = 2m, wt(x 1 )β ≡ wt(x 3 ) mod m. Moreover we may assume that β ≥ 2 (otherwise we derive a contradiction as in 4.14.1). If we take in 2.9 ψ = ψ 2 /x 3 = x β 2 , we get w P < 1. Thus ord(ψ 3 ) ≤m +mw P + a 3 < 3m +mw P and ord(ψ 3 ) ≤ 3m. We claim that ord(ψ 3 ) = 3m. Indeed, if otherwise, we have ψ 3 = x γ 1 x 3 , where a 1 γ + a 3 = 2m. It gives us a 1 (γ − 1) + a 2 (β − 1) + 2a 3 = 3m. Since β ≥ 2, γ = 1. But then x 1 x 3 is an invariant and a 3 = a 2 <m, a contradiction.
Thus ord(ψ 3 ) = 3m. Taking into account that ψ 3 and ψ 3 /ψ 2 are not powers of x i , i = 1, . . . , 4, we obtain
, so a 3 = 3m − a 1 γ and a 1 (γ + β) = m(β + 1). Since (a 1 ,m) = 1, γ + β =mk, where k is a positive integer. Then β = a 1m k − 1 ≥m − 1. The equality a 2 β + a 3 = 2m is possible only if a 1 = a 2 = 1,m = 2, but then β = 1, a contradiction.
Assume that ψ 3 = x γ 1 x 2 3 . Then a 1 γ+2a 3 = 3m, a 1 (γ−1)+a 2 (β−1)+3a 3 = 4m. Since β ≥ 2, γ = 1. Whence 3m = a 1 +2a 3 = a 1 +2(2m−a 2 β) = 4m+a 1 −2a 2 β = (4−2β)m+(1+2β)a 1 .
Thus a 1 (2β + 1) =m(2β − 1). Since (a 1 ,m) = 1, it impliesm = 2β + 1, a 1 = 2β − 1. On the other hand wt(x 1 ) + 2 wt(x 3 ) ≡ 0 mod m and wt(x 1 )β ≡ wt(x 3 ) mod m implym = 1 + 2β ≡ 0 mod m. So wt(x 1 )(1 + 2β) ≡ 0 mod m, a contradiction.
Finally assume that ψ 3 = x γ 2 x 2 3 . Then a 2 γ + 2a 3 = 3m and a 2 β + a 3 = 2m. It gives usm = a 2 (2β − γ), so a 2 = 1,m = 2β − γ. On the other hand, wt(x 1 )γ ≡ 2 wt(x 2 ) mod m, because ψ 3 is an invariant. Whence 2 wt(x 1 )β ≡ wt(x 1 )γ mod m andm = 2β − γ ≡ 0 mod m, a contradiction. 4.15.2. Subcase ord(ψ 2 ) = 3m. Since ψ 2 depends on x 2 and x 3 , a 3 < 3m. We claim that a 3 < 2m. Indeed, if otherwise, we have ψ 2 = x β 2 x 3 and ord(ψ 3 ) = 3m, hence ψ 3 = x α 1 x 3 . Thus a 1 α + a 3 = 3m and a 2 β + a 3 = 3m give us (α − 1)a 1 + (β − 1)a 2 + 2a 3 = 5m. So α = 1 or β = 1. But then x 1 x 3 or x 2 x 3 is an invariant. By normalizedness a 3 <m, a contradiction. Therefore a 3 < 2m, hence ord(ψ 3 ) = 2m, . We claim that in case (i) of 4.9.2 (X, P ) is a cyclic quotient singularity. Let
is a complete intersection:
and so is C ♯ :
Therefore the equation of X ♯ can be written as
Since wt(x 3 ) ≡ ± wt(x 1 ), wt(x 2 ) and because (X, P ) is of type cA/m, the equation of φ must contain either x 1 x 2 or x 4 (see [13] ). But this is possible only if ϕ 1 (0, 0, 0, 0) = 0. Thus φ always contains x 4 and X ♯ is non-singular. We obtain case (iv) of 4.1.2. Case (ii) of 4.9.2 is treated by the similar way.
4.17. From now we will suppose that f is not from 4.1.2 (iv) or (v). Consider the base change from 3.1
, then X ♭ is Gorenstein and f ♭ is a "classical" conic bundle [3] (it means that S ♭ is non-singular and every fiber of f ♭ is a conic in P 2 ). Since (X, C) is imprimitive, the central fiber C ♭ has exactly two components. The group Z 2 permutes these components. In this case it is not difficult to write down an equation of X ♭ explicitly (see [18] or [19] ). We obtain case 4.1.2, (i).
Assume now thatm > 1. By Lemma 4.9, the general member F ∈ |−K X | does not contain P and has DuVal point at P . The cover f F : (F, P ) → (S, 0) is finite of degree 2. Thus (S, 0) is a quotient of (F, P ) by an involution.
Proposition 4.17.1. ( see [1] ) Let (F, P ) be a germ of DuVal singularity and τ : (F, P ) → (F, P ) be an (analytic) involution. Then up to analytic isomorphism there are only the following possibilities.
Remark. In cases 6) and 8) the dual graphs of corresponding minimal resolutions of (F, P )/τ are
6)
−4
• (for k = 0),
As noticed by Shokurov, these singularities are exactly all log-terminal singularities with discrepancies ≥ −1/2. Suppose that d = 2 (andm = 2). From Lemma 4.9, a 3 = 1. By changing a character χ if necessary we get wt(x 3 ) ≡ 1 mod 4. Up to permutation {1, 2} we also have wt(x 1 ) ≡ 1 mod 4 and wt(x 2 ) ≡ 3 mod 4. Then by normalizedness, a 1 = 1 and a 2 = 1 or 3. Obviously wt(x 4 ) ≡ 0 mod 4 and a 4 =m = 2. Thus a component C ♯ (1) of C ♯ is the image of t −→ (t, t a 2 , t, t 2 ), where a 2 = 1 or 3. But if a 2 = 3, then C ♯ can be given by x 2 −x 3 1 = x 3 −x 1 = x 2 4 − x 4 1 = 0. Whence an equation of X ♯ in C 4 in a normalized coordinate system is φ = (x 2 − x 3 1 )ϕ 1 + (x 3 − x 1 )ϕ 2 + (x 2 4 − x 4 1 )ϕ 3 = 0. Since (X, P ) is a cyclic quotient, φ must contain the term x 4 , a contradiction. Therefore a 2 = 1 and C ♯ is given by x 2 2 − x 2 1 = x 3 − x 1 = x 4 − x 1 x 2 = 0. By changing coordinates we obtain 4.1.2(iii). If d = 4, then similarly one can see a 3 = 1 and wt(x 3 ) ≡ 1 mod 8. Again an equation of X ♯ ⊂ C 4 in a normalized coordinate system contains the term x 4 , so it also contains a monomial φ 0 = x 4 such that wt(φ 0 ) ≡ 0 and ord(φ 0 ) = ord(x 4 ) = 2. Then φ 0 = x 1 x 2 and a 1 = a 2 = 1. Denote a := wt(x 1 ). It is easy to see that we can take a ∈ {1, 3}. If a = 1, then C ♯ = {x 4 2 − x 4 1 = x 3 − x 1 = x 4 − x 1 x 2 = 0}. If a = 3, then one can check that C ♯ = {x 2 2 − x 2 3 = x 2 x 3 − x 2 1 = x 4 − x 1 x 2 = 0}. After changing coordinates we obtain 4.1.3.
To complete the proof we have to show that X can contain at most one Gorenstein singular point if (S, 0) is of type A 1 and contains no Gorenstein singular point if (S, 0) is of type A 3 . Indeed in diagram 3.1 f ♭ : (X ♭ , C ♭ ) → (S ♭ , 0) is a Mori conic bundle with reducible central fiber C ♭ . Therefore by 1.1.1, ρ(X ♭ /S ♭ ) > 1 and each component C ♭ (i) of C ♭ generates an extremal ray on X ♭ over (S ♭ , 0). Thus each (X ♭ , C ♭ (i)) is an (not necessary flipping) extremal neighborhood in the sense of [14] . By [14, Theorem (6. 2)], we see that (X ♭ , C ♭ (i) contains at most one Gorenstein singular point and so does (X, C) because X ♭ → X isétale outside P .
In case 4.1.3 X ♭ has index 2, whence (−K X ♭ · C ♭ (i)) ∈ 1 2 Z. On the other hand as in 3.1 f ♭ : (X ♭ , C ♭ ) → (S ♭ , 0) is flat. Therefore for a general fiber L of f ♭ we have L ≡ r C ♭ (i), where r ∈ N. Thus 2 = (−K X ♭ · L) = 4r(−K X ♭ · C ♭ (i)), so 1/2r ∈ 1 2 Z. It gives us r = 1, L ≡ C ♭ (i). Whence the scheme-theoretical central fiber of f ♭ over 0 is generically reduced. Then C ♭ is a complete intersection of Cartier divisors inside X ♭ . Since C ♭ has a unique singular point P ♭ , X ♭ has exactly one singular point (at P ♭ ) along C ♭ and so has X (at P ). In case (i) of 4.1.2 one can use the same arguments to show that the singular point P is unique. This proves Theorem 4.1. It is easy to check that Y is non-singular. The projection P 3 ×C 2 → C 2 gives us an elliptic fibration g : Y → C 2 . A general fiber of g is an intersection of two quadrics in P 3 and the central fiber g −1 (0) is multiple P 1 . Let Z 2 acts on Y by 
